12 AA HL P1 Practice Assign
S1 [277 marks]
The following diagram shows triangle ABC, with AB = 6 and AC = 8.

diagram not to scale
B

1a. Given that cos A = % find the value of sin A. [3 marks]

Markscheme

valid approach using Pythagorean identity (M1)
. 2 .
sin? A + (%) — 1 (or equivalent) (A1)

sin A = g Al

[3 marks]

1b. Find the area of triangle ABC. [2 marks]

Markscheme
V11

2 X 8 x 6 x ~5— (orequivalent) (A1)

area = 44/11 Al
[2 marks]

23. Show that (2n — 1)2 + (2n + 1)2 — 8n2 + 2, wheren € Z. [2 marks]



Markscheme

attempting to expand the LHS (M1)

LHS = (4n* —4n+1) + (4n* +4n+1) A1
= 8n? + 2 (= RHS) AG

[2 marks]

2b. Hence, or otherwise, prove that the sum of the squares of any two [3 marks]
consecutive odd integers is even.

Markscheme

METHOD 1

recognition that 2n — 1 and 2n + 1 represent two consecutive odd integers
(forme€7Z) R1

8n*+2=2(4n*+1) A1
valid reason eg divisible by 2 (2 is a factor) R1

so the sum of the squares of any two consecutive odd integers is even AG
METHOD 2

recognition, eg that ,, and n 4 2 represent two consecutive odd integers (for
n € Z) R1

n?+(n+2)°=2(n>+2n+2) Al
valid reason eg divisible by 2 (2 is a factor) R1

so the sum of the squares of any two consecutive odd integers is even AG
[3 marks]
3. Let f'(z) = —2—. Given that £(0) = 5, find f (z). [5 marks]

V225 +1



Markscheme

attempt to integrate (M1)
u:2m2+1$%:4w
i

8z _ 2

EITHER

=4,/u(+C) A1

OR

=4y222+1(+C) A1

THEN

correct substitution into their integrated function (must have C) (M1)
5=44+C=>C=1

f(z)=4y222+1+1 A1

[5 marks]

The functions f and g are defined such that f (z) = mf’ and g (z) = 8z + 5.

4a. Show that (g o f) (z) = 2z + 11. [2 marks]

Markscheme

attempt to form composition M1

correct substitution g (mf’) =38 (mf’) +5 A1

(gof) (:L’) =2r+11 AG
[2 marks]

4b. Given that (go f)_1 (a) = 4, find the value of a. [3 marks]



Markscheme

attempt to substitute 4 (seen anywhere) (M1)
correct equationa =2 x4+ 11 (A1)

a=19 Al
[3 marks]
5a. Show that logg (cos 2z + 2) = logz+/cos 2z + 2. [3 marks]

Markscheme

attempting to use the change of base rule M1

logs(cos 22+2)
log39

log, (cos2x + 2) = Al

= Zlogg (cos2z +2) A1

= logsy/cos2z+2 AG

[3 marks]

5b. Hence or otherwise solve log; (2sinx) = log, (cos 2z + 2) for [5 marks]

0<a;<§.



Markscheme

logs (2sin ) = logg+/cos 2z + 2
2sinx = y/cos2x+ 2 M1
4sin® z = cos 2x + 2 (or equivalent)

use ofcos2z =1 — 2sin?z  (M1)

6sin?z = 3
e () L
s1nzc—(:|:)ﬁ Al
= Al

4

Note: Award A0 if solutions other than x = T are included.

[5 marks]

Let f (z) = %a:?’ + 2% — 15z + 17.

6a. Find f’ ().

Markscheme

fl(z)=2*+2x—-15 (M1)A1

[2 marks]

[2 marks]

The graph of f has horizontal tangents at the points wherexz =a andxz =b, a < b.

6b. Find the value of a and the value of b.

[3 marks]



Markscheme

correct reasoning that f’ (z) = 0 (seen anywhere) (M1)

2 +2x—15=0

valid approach to solve quadratic M1
(z — 3) (x + 5), quadratic formula
correct values for x

3, -5

correct values for @ and b
a=-5andb=23 Al

[3 marks]

6¢. Sketch the graph of y = f’ (). [1 mark]

Markscheme

J.‘

Al

201

Al

[1 mark]

6d. Hence explain why the graph of f has a local maximum pointatx = a. [I mark]



Markscheme

first derivative changes from positive to negativeat x =a Al
so local maximumatxr =a AG
[1 mark]

6e. Find f” (b). [3 marks]

Markscheme

f'(x)=2z+2 A1

substituting their b into their second derivative (M1)
f7(3)=2x3+2

f"(b)=8 (A1)

[3 marks]

6f. Hence, use your answer to part (d)(i) to show that the graph of f hasa  [I mark]
local minimum point at z = b.

Markscheme

f" (b) is positive so graph is concave up ~ R1
so local minimum atx = b AG
[1 mark]

6g. The normal to the graph of f at x = a and the tangent to the graph of f [5 marks]
at x = b intersect at the point (p, q) .

Find the value of p and the value of q.



Markscheme

normal to f at x = a is x = —5 (seen anywhere) (A1)
attempt to find y-coordinate at their value of b (M1)
f(3)=-10 (A1)

tangent at x = b has equation y = —10 (seen anywhere) Al

intersection at (=5, —10)
p=-5andqg=-10 Al
[5 marks]

Let f (z) = 52 where z > 0, k € R™.

1-Inb5z
kz?2

73. show that f’ (z) =

Markscheme

attempt to use quotient rule (M1)
correct substitution into quotient rule

Bk (5—1) —klnb5z

f'(z) = . (or equivalent) Al
(k)

_ k—kln5

=5t (ke RT) Al

__ 1-Inb52

= AG

[3 marks]

The graph of f has exactly one maximum point P.

7b. Find the x-coordinate of P.

[3 marks]

[3 marks]



Markscheme

fl(x)=0 M1
e =
Inbx=1 (A1)
T = % Al

[3 marks]

The second derivative of f is given by f” (z) = 21‘1;—”73_3 The graph of f has
i
exactly one point of inflexion Q.

| e

7c. Show that the x-coordinate of Q is le [3 marks]

5

Markscheme

f"(x)=0 M1
2In5z-3 _
k3 0
In5z = % Al
3
br=e2 Al

| wo

so the point of inflexion occurs atxz = =e

[3 marks]

="



7d. The region Ris enclosed by the graph of f, the x-axis, and the vertical [7 marks]
lines through the maximum point P and the point of inflexion Q.

y

A

“
L]

b

Given that the area of Ris 3, find the value of k.



Markscheme

attempt to integrate (M1)

u=Inbr= du =1
dz 0%

f%dx: %fudu (A1)

EITHER
2
_u
=k Al
3
2
J 13
1 u® |2
15 — |u
50 - udu {%L Al
OR
(In5z)°
_ 2k Al

ot| =
(¢’]
oo

Inbg g — [_(1“ 5‘”)2] Al

(S

— %
setting their expression for area equal to 3 M1

5
=
5
k_ﬂ Al

[7 marks]

8a. Express —3 + /31 in the form rel?, where r > 0 and —7 < 0 < . [5 marks]



Markscheme

attempt to find modulus (M1)
r =243 (: \/12) Al

attempt to find argument in the correct quadrant (M1)

0 = w+ arctan <—?> Al

_ 57

=1 A1

_34 /3= /12T (: 2\/§e%)
[5 marks]

Let the roots of the equation z3 = —3 + 1/3i be u, v and w.

8b. Find u, v and w expressing your answers in the form rel?, where r > 0[5 marks]
and —m < 0 < .

Markscheme

attempt to find a root using de Moivre’'s theorem M1

1 i
125e7s Al
attempt to find further two roots by adding and subtracting 2—; to the
argument M1

1 _ i
125¢™ 18 Al
1 177

125e7s Al
Note: Ignore labels for u, v and w at this stage.

[5 marks]

On an Argand diagram, u, v and w are represented by the points U, Vand W
respectively.

8c. Find the area of triangle UVW. [4 marks]



Markscheme

METHOD 1
attempting to find the total area of (congruent) triangles UOV, VOW and UOW
M1

Area =3 (%) (12%) (12%) sul?—?jf AlIAI
Note: Award A1 for (12%> (12%> and A1 for sin 2t

3
= i( 3) (or equivalent) Al

METHOD 2

1\ 2 1\ 2 1 1 5
uv?z = (126) + (126) —2 (126) (126) cos?7T (or equivalent) Al
uv =+/3 (12%> (or equivalent) A1

attempting to find the area of UVW using Area =% x UV x VW X sina for
example M1

Area = %(ﬁ x 12%) (ﬁ x 12%) sinZ

\/_ (123) (or equivalent) Al

[4 marks]

8d. By considering the sum of the roots u, v and w, show that [4 marks]

cos— + cos —|— cos—==X 17” = 0.



Markscheme

u+v+w=0 RI

12% (cos (—ﬁ) + isin (——) — cos + 1smﬁ + cos=Z 17” + isin 1175

18
Al

consideration of real parts M1

127 (cos ( ) + cos 2 + cos 1175?) =0

CoSs (—%) cos& explicitly stated Al

cos— + cos + CcOS 1178” =0 AG

[4 marks]

)

=0



9. The following diagram shows the graph of y = f(x). The graph hasa  [5 marks]
horizontal asymptote at y = —1. The graph crosses the x-axis at £ = —1 and
x = 1, and the y-axis at y = 2.

¥

4
<4

e
]

N
4 B D 1 \ 1 4

y=r

On the following set of axes, sketch the graph of y = [f (a:)]2 + 1, clearly showing

any asymptotes with their equations and the coordinates of any local maxima or
minima.

h

e
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Markscheme

.1 4

6

no y values below 1 Al

horizontal asymptote at y = 2 with curve approaching from below as
T — 00 Al

(x1,1) local minima Al
(0,5) local maximum Al
smooth curve and smooth stationary points Al

[5 marks]



The function f is defined by f (z) = e?* — 6e® + 5, z € R, z < a. The graph of
y = f(z) is shown in the following diagram.

A
N 5
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\
\
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LV
10a. Find the largest value of a such that f has an inverse function. [3 marks]

Markscheme

attempt to differentiate and set equal to zero M1
f'(z) =2e** —6e® =2 (e*—3)=0 Al
minimum at z = In 3

a=1n3 Al

[3 marks]

10b. For this value of a, find an expression for f~! (z), stating its domain.  [5 marks]



Markscheme

Note: Interchanging x and y can be done at any stage.
y=(e—3Y° -4 (M1)
e? -3==+,/y+4 A1

asx<1n3,a::1n<3—,/y—|—4) R1
soft(z)=In(3—z+4) A1

domainof fliszeR, —4<z<b5 Al
[5 marks]

11a. Explain why any integer can be written in the form 4k or 4k + 1 or [2 marks]
4k + 2 or 4k + 3, where k € Z.

Markscheme

Upon division by 4 M1
any integer leaves a remainder of 0, 1,2 or 3. R1

Hence, any integer can be written in the form 4k or4k+ 1 or4k+ 2 or 4k + 3
,wherekeZ AG

[2 marks]

11b. Hence prove that the square of any integer can be written in the form [6 marks]
4t or 4t + 1, wheret € Z.



Markscheme

(4k)> = 16k2 = 4t  M1A1

(4k+1)° =16k +8k+1=4t+1  MIAL
(4k+2)° = 16k2 + 16k +4 =4t A1

(4k+3)° = 16k> + 24k +9 =4t +1 A1

Hence, the square of any integer can be written in the form 4t or 4t + 1,
wheret € Z*. AG

[6 marks]

12. Let f(z) = - L for —1 < x < 1. Use partial fractions to find [ f (z) dz./8 marks]

_2132

Markscheme
1 _ 1 _ A B
1-22 = (1-o)(1+z)  1-=z + 1tz MIMIAIL

=1=A(1+2)+B(l—2)=>A=B=1 MI1AIAI

1

1 1
flfz—l—rzdx:_Tlln(l—a:)—l—%ln(l—i—a:)-l—c (Zlﬂk %ﬁ) Mi1A1

[8 marks]

t

Consider the integral 1 ! dzfort> 1.

z+ax?

13a. Very briefly, explain why the value of this integral must be negative. [1 mark]

Markscheme

The numerator is negative but the denominator is positive. Thus the integrand
is negative and so the value of the integral will be negative. @ R1IAG

[1 mark]



[6 marks]

13b. Express the function f (z) = x+1;2 in partial fractions.

Markscheme

-1 _ -1 _ 4 | B
zt+z?  (l+z)z ~ 14z T T bl
= —-1=Ax+B(l+z)=A=1,B=-1 MI1A1

-1 _ 1 —1
— = — Al
z+a? 1+z + x

[6 marks]

13c. Use parts (a) and (b) to show thatln (1 +¢) —Int < In 2. [4 marks]

Markscheme

t
1L+ ldr=[In(1+2)—Ina], =ln(1+¢)—Int—In2 MIAIAZ
Henceln(1+¢) —Int—In2<0=1In(1+¢)—Ilnt<ln2 RIAG
[4 marks]

Let f(z) = 2> _ g #£ 1,2 # 2.

z2—3z+2

14a.Express f(x) in partial fractions. [6 marks]

Markscheme

o 4x—5 _ A B
f(x) = e = oo + = M1A1

=4r—-5=A(x—2)+B(z—1) MI1A1
r=1=A=1 z=2=B=3 AlAl
fle)= =5+ =25

[6 marks]




14b. Use part (a) to show that f(z) is always decreasing. [3 marks]

Markscheme

Fla)=—(z—1)7=3@x—2)" MmiA1
This is always negative so function is always decreasing. R1AG

[3 marks]

14c. 0 [4 marks]

Use part (a) to find the exact value of -1 f(x)dz, giving the answer in
the formlng, q € Q.

Markscheme

0

J

=1l

1 3 _ 0
— + 5 dr=[nfz—1[+3n[z—2]]], M1A1

_ _ _ 1p 4
=(B3n2) - (In2+3In3)=2In2-3n3=In A1A1

[4 marks]

2x+6

15a. Show that f () has no vertical asymptotes. [3 marks]

Markscheme

22+ 6x+10=22+6x+9+1=(z+3)>+1 MiA1

So the denominator is never zero and thus there are no vertical asymptotes.
(or use of discriminant is negative) R1

[3 marks]

15b. Find the equation of the horizontal asymptote. [2 marks]



Markscheme

x — Foo, f(z) — 0 so the equation of the horizontal asymptote isy = 0

MI1IAI
[2 marks]
15c. 1 [3 marks]
Find the exact value of 0 f (z) dx, giving the answer in the form
Ing, g € Q.
Markscheme
1
22+6 o 2 i _ 17
0 o da = In (z® + 6z + 10)]O =In17-In10=In<f MI1A1AI1
[3 marks]

2 5.
Letf(x):%,xeR,w#—Q.

16a. Find all the intercepts of the graph of f (z) with both the z and y axes. [4 marks]

Markscheme

z = 0= y = —6 intercept on the y axes is (0, —6) Al

222 - 52— 12=0= (22 +3)(z—4)=0=2= S ord MI

intercepts on the = axes are (_73, 0) and (4,0) A1A1

[4 marks]

16b. Write down the equation of the vertical asymptote. [1 mark]



Markscheme

r=—2 Al
[1 mark]

16¢. As ¢ — Fo00 the graph of f (x) approaches an oblique straight line [4 marks]
asymptote.
Divide 222 — 5z — 12 by 2 + 2 to find the equation of this asymptote.
Markscheme
— 9 _6
fl) =2z -9+ —5 M1A1
So equation of asymptote isy = 2 — 9 MI1A1
[4 marks]
_ 2?—102+5
17a.Find the co-ordinates of all stationary points. [4 marks]
Markscheme
(22—10)(z+1)— (22—102+5)1
! — M1
(@) o
flz)=0=2>+2z—-15=0=(z+5)(z—3)=0 M1
Stationary points are (—5, —20) and (3, —4) AlA1
[4 marks]
[1 mark]

17b. Write down the equation of the vertical asymptote.



Markscheme

r=—1
[1 mark]

Al

17c. With justification, state if each stationary point is a minimum, maximum [4 marks]

or horizontal point of inflection.

Markscheme

Looking at the nature table

—5

-1

fi(x) [ne]o

-ve | undefined

Ve
AR

0| +ve
Ve

MIA1

(=5, —20) is a max and (3, —4) is a min

[4 marks]

In an arithmetic sequence, us = 5 and ug = 11.

18a. Find the common difference.

Markscheme

valid approach (M1)
eg 11 —-5,11=5+d

d=6

[2 marks]

Al N2

18b. Find the first term.

AlA1

[2 marks]

[2 marks]



Markscheme

valid approach (M1)

eg up—d, 5—6, uy +(3—1)(6)=11
u = —1 Al N2

[2 marks]

18c. Find the sum of the first 20 terms. [2 marks]

Markscheme

correct substitution into sum formula

eg 2(2(—1)+19(6)), 2(—1+ 113) (A1)
Sop = 1120 Al N2

[2 marks]

Let g (z) = p* + q, for x,p,q € R,p > 1. The point A (0,a) lies on the graph of g.

Let f(z) = g~ (z). The point B lies on the graph of f and is the reflection of
point A in the line y = x.

19a. Write down the coordinates of B. [2 marks]

Markscheme
B (a, 0) (accept B(¢g+ 1, 0)) A2 N2
[2 marks]

The line Ly is tangent to the graph of f at B.

19b. Given that f' (a) = ﬁ, find the equation of L in terms of z, p and g./> marks]



Markscheme

Note: There are many approaches to this part, and the steps may be done in
any order. Please check working and award marks in line with the
markscheme, noting that candidates may work with the equation of the line
before finding a.

FINDING a
valid attempt to find an expression for a in terms of q (M1)

g(0)=a,p"+qg=a
a=q+1 (A1)

FINDING THE EQUATION OF L,
EITHER

attempt to substitute tangent gradient and coordinates into equation of
straight line (M1)

eg y—0=f'(a)(z—a),y=f(a)(z—(q+1))
correct equation in terms of a and p (A1)

eqg y—Ozﬁ(m—a)

OR

attempt to substitute tangent gradient and coordinates to find b

eg Ozﬁ(a)—kb

b=py (AL

THEN (must be in terms of both p and q)

1 1 +1
Note: Award A0 for final answers in the form L; = ﬁ(m —q—1)

[5 marks]



19c. The line Ly is tangent to the graph of g at A and has equation
y= (lnp)z+q+ 1.
The line Ly passes through the point (—2, — 2).

1

o)

The gradient of the normal to g at A is

Find the equation of Ly in terms of .

[7 marks]



Markscheme

Note: There are many approaches to this part, and the steps may be done in
any order. Please check working and award marks in line with the
markscheme, noting that candidates may find q in terms of p before finding a

value for p.

FINDING p

valid approach to find the gradient of the tangent (M1)

eg mimy = —1, —i, —ln(%), —h}p: }
¥A in('/s)

correct application of log rule (seen anywhere) (A1)

~1
eg 111(%) , —(In(1) —In(3))
correct equation (seen anywhere) Al
eg Inp=In3, p=3

FINDING ¢
correct substitution of (—2, — 2) into Lo equation (A1)

eg —2=(lnp)(—-2)+qg+1
q=2Ilnp—3, g=2In3 — 3 (seen anywhere) Al

FINDING L,
correct substitution of their p and q into their L, (A1)

eg y=ps(z—(2In3-3)—1)

1 —
y=:(z—2In3+2), y= -z — 2= Al N2
Note: Award A0 for final answers in the form Ly = ﬁ(w —2In3+2).
[7 marks]

Let g (z) = x* + bz + 11. The point (—1,8) lies on the graph of g.

20a. Find the value of b. [3 marks]



Markscheme

valid attempt to substitute coordinates (M1)
eg g(-1)=38

correct substitution (A1)

eg (—1)°+b(-1)+11=8, 1—b+11=38
b=4 Al N2

[3 marks]

20b. The graph of f (z) = x? is transformed to obtain the graph of g. [4 marks]

Describe this transformation.

Markscheme

valid attempt to solve (M1)
eg (2?+4z+4)+7 h= 1 k=g(-2)
correct working Al

eg (z+2)°+7 h=-2 k=17

translation or shift (do not accept move) of vector ( ) (accept left by 2

and up by 7) AIA1 N2
[4 marks]

11
Consider ( ) =
a al 9!

21a. Find the value of a. [2 marks]



Markscheme

valid approach (M1)

11!
91(11—-9)!

eg 11—a =09,

a—=2 Al N2
[2 marks]

21b. Hence or otherwise find the coefficient of the term in z? in the [4 marks]
expansion of (z + 3)"".

Markscheme

valid approach for expansion usingn =11 (M1)

11 11 11
eg ( ) xll—rgr’ allbO_|_ ( . ) alObl + ( ) ) a,9b2 + ...
T

evidence of choosing correct term Al

e (11)32’ (11)90932, (11>32
2 2 9

correct working for binomial coefficient (seen anywhere, do not accept
factorials) Al

11
eg 55, (2)=55, 55 x 3%, (55 x 9) 2%, 10 x 9

495 Al N2

Note: If there is clear evidence of adding instead of multiplying, award A1 for
the correct working for binomial coefficient, but no other marks. For example,

5529 x 32 would earn MOAOA1AO.

Do not award final AZ for a final answer of 49527, even if 495 is seen
previously. If no working shown, award NI for 495z°.

[4 marks]



Consider the function f, with derivative f' (z) = 2z* + 5kx + 3k? + 2 where
x,k € R.

22a. Show that the discriminant of f’ (z) is k* — 16. [2 marks]

Markscheme

correct substitution into b2 — 4ac (A1)
eg (5k)* —4(2) (3k* +2), (5k)° — 8 (3k> +2)
correct expansion of each term Al

eg 25k* — 24k* — 16, 25k — (24K + 16)

k? — 16 AG NO
[2 marks]

22b. Given that f is an increasing function, find all possible values of k. [4 marks]

Markscheme

valid approach M1
eg f'(z)>0, f'(z) >0
recognizing discriminant < 0 or < 0 M1

eg D<0, K»—16<0, k> <16
two correct values for k/endpoints (even if inequalities are incorrect)

(A1)
eg k==44, k< —4 and k>4, |kl <4
correct interval Al N2

eg —4<k<4, —4<k<4

Note: Candidates may work with an equation, then write the intervals with
inequalities at the end. If inequalities are not seen until the candidate’s final
correct answer, MOMOA1A1 may be awarded.

If candidate is working with incorrect inequalitie(s) at the beginning, then gets
the correct final answer, award MOMOA1AO or MIMOA1IAO or MOM1A1AO in
line with the markscheme.

[4 marks]



A small cuboid box has a rectangular base of length 3z cm and width £ cm, where
x > 0. The height is ycm, wherey > 0.

diagram not to scale

Ix

The sum of the length, width and height is 12 cm.

23a. Write down an expression for y in terms of x. [1 mark]

Markscheme

y=12 —4x Al N1
[1 mark]

The volume of the box is V cm3.

23Db. Find an expression for V' in terms of . [2 marks]

Markscheme

correct substitution into volume formula (A1)

eg 3z xzxxy xx3zrx(12—z—3z), (12 —4z) (x) (3z)

V =3z%(12 — 4z) (= 362> —122%) A1 N2

Note: Award A0 for unfinished answers such as 3z% (12 — = — 3z).

[2 marks]

23C. Find %_ [2 marks]
T



Markscheme

j—‘; — 72z — 3622 AIAl1 N2
Note: Award AI for 72z and AI for —36xz2.
[2 marks]
23d. Find the value of x for which V is a maximum. [4 marks]

Markscheme

valid approach to find maximum (M1)
eg V' =0,72z—3622=0
correct working (A1)
—72+,/72>—4.(—36)-0
eg x(72— 36x), 2E50) , 36z =72,36x(2—x)=0
=2 A2 N2
Note: Award AZ forxz = 2 and x = 0.
[4 marks]
23e.Justify your answer. [3 marks]

Markscheme

valid approach to explain that V' is maximum when x = 2 (M1)

eg attempt to find V', sign chart (must be labelled V)

correct value/s Al

eg V"(2)=T72-72x2, V'(a) where a <2 and V' (b) where b > 2
correct reasoning R1

eg V"(2) <0, V' ispositive for £ < 2 and negative for x > 2

Note: Do not award RI unless A1 has been awarded.

V is maximum when x = 2 AG NO

[3 marks]



23f. Find the maximum volume.

Markscheme

correct substitution into their expression for volume
eg 3x2°(12—4x2), 36 (2°) —12(2°)

V =48 (cm3) Al N1

[2 marks]

Consider f (x) = i"ﬁj, —l<z<l.

24a.Find f' ().

Markscheme

attempt to use quotient rule (or equivalent) (M1)
2
/ (z°-1)(2)—(2z—4)(2z)
= Al
f'(@) —
—2224+82—2
(2?-1)*
[2 marks]

24b. Show that, if f'(z) = 0, thenz = 2 — 4/3.

Al

[2 marks]

[2 marks]

[3 marks]



Markscheme
f'(z) =0
simplifying numerator (may be seen in part (i)) (M1)

= 22 — 4z + 1 = 0 or equivalent quadratic equation  AZ

EITHER

use of quadratic formula
=1 g
OR

use of completing the square

(z—2)°=3 A1

THEN
z =2 — +/3 (since 2 + /3 is outside the domain)  AG

Note: Do not condone verification thatz = 2 — /3 = f/(z) = 0.

Do not award the final A1 as follow through from part (i).

[3 marks]

For the graph of y = f (),

24c.find the coordinates of the y-intercept. [1 mark]

Markscheme

(0, 4) Al
[1 mark]

24d. show that there are no z-intercepts. [2 marks]



Markscheme

20 —4=0=2x=2 Al
outside the domain R1
[2 marks]

24e.sketch the graph, showing clearly any asymptotic behaviour. [2 marks]

Markscheme

AlAl

-0 -0.5 L 0.5

award A1 for concave up curve over correct domain with one minimum point
in the first quadrant
award A1 for approaching x = 1 asymptotically

[2 marks]

24f. 3 1 _ 224 [2 marks]
Show that —= — — JORE




Markscheme

valid attempt to combine fractions (using common denominator) M1

3(z—1)—(z+1)

(z+1)(z—1) Al

=22 AG

[2 marks]

249.The area enclosed by the graph of y = f () and the line y = 4 can be [7 marks]
expressed as Inv. Find the value of v.



Markscheme
f(z)=4=2x—4=42> -4 M1
(x =20 or) x:% Al

1
area under the curve is [ f(z)dz M1

1

_rz 3 1
—J0 gzl x—ldw

Note: Ignore absence of, or incorrect limits up to this point.

=Bln|z+1—-In|z—1]] A1
=3In3 —In(-0)

_ 27

areais2 — [7 f(z)dx or [f4dz— [} f(z)dz M1
=2 — 111277

2
— ln"‘z—‘; Al

_ 4¢é?
(;‘”—7)

[7 marks]

25. Given that f()lnke2$da: = 12, find the value of k. [6 marks]



Markscheme

1
2

attempt at using limits in an integrated expression

1. 2210k 1 o2k 1.0
([56 Jo = 7¢"" —§e> (M1)

ez seen (A1)

_ 1 _Ink? 1.0
—ien — 5 (A1)

Setting their equation = 12 M1
Note: their equation must be an integrated expression with limits substituted.

172 1 _

Ek -5 =12 Al
(*=25=)k=5 A1

Note: Do not award final A1 for k = +5.

[6 marks]
26. A and B are acute angles such that cos A = % and sin B = % [7 marks]
22 4./5
Show that cos (24 + B) = — =~ — ——.



Markscheme

attempt to use cos (2A + B) = cos 2A cos B — sin 2A sin B (may be seen
later) M1

attempt to use any double angle formulae (seen anywhere) M1
attempt to find either sin A or cos B (seen anywhere) M1

cosA:%:>sinA(:,/1—%):\/Tg (A1)

sinBz%écosB(: —%zg):%ﬁ Al
cos2A(:2cos2A—1):—% Al
sin2A (= 2sin Acos A) = W5 g

So cos (24 + B) = (_%) (27\/5> _ (47\/5) (%)

21/2 4./5
27 ~ 7w AG
[7 marks]
Consider the equation z* = —4, where z € C.
27a.Solve the equation, giving the solutions in the form a + ib, where [5 marks]

a,beR,



Markscheme

METHOD 1
d=v2 (=v2) (ay)

arg(z) =% (A1)

4
first solutionis 1 + 1 Al
valid attempt to find all roots (De Moivre or +/— their components) (M1)

other solutions are -1 +1, —1—1, 1 —1 Al

METHOD 2
2t =—4
.1 \4
(a+1b)" = —4
attempt to expand and equate both reals and imaginaries. (M1)

a* + 4a3bi — 6a%b? — 4ab®i + bt = —4
(a4—6a4+a4: —4:>)a::|:1 and(4a3b—4ab3:0$)a,::|:b

(A1)
first solutionis 1 + 1 Al
valid attempt to find all roots (De Moivre or +/— their components) (M1)

other solutions are -1 +1, —1—1, 1 —1 Al

[5 marks]

27b. The solutions form the vertices of a polygon in the complex plane. Find [2 marks]
the area of the polygon.

Markscheme

complete method to find area of ‘rectangle’ (M1)
=4 Al
[2 marks]



28. Consider the function f () = ze?*, where z € R. The n'! derivative of [7 marks]
f () is denoted by £ (z).

Prove, by mathematical induction, that f(? (z) = (2"z + n2" ') e**, n € Z*.

Markscheme

f'(z) = e*® + 2ze** A1

Note: This must be obtained from the candidate differentiating f ().
= (2'z+1x2'")e* A1

(hence true forn = 1)

assume true for n = k: M1
&) (z) = (2’%13 + k2k_1> e’z

Note: Award M1 if truth is assumed. Do not allow “letn = k”.
considern = k + 1:

£ () = d%((zkx n k2k—1) e2w)
attempt to differentiate f*) () M1
FE () = 2¥e + 2 (2a + k2 L) e Az
FED (z) = (2k + okt 4 k2"’> e%®
D) () = (2k+1;c +(k+1) 2k) e Al
= (2#12 + (k+ 1) 26+01) 2

True forn = 1 and n = k true implies true forn = k + 1.
Therefore the statement is true for alln (€ Z*)  R1

Note: Do not award final R1 if the two previous M1s are not awarded. Allow
full marks for candidates who use the base case n = 0.

[7 marks]



29a. \yrite 22 — z2 in the form a(x — h)2 + k, where a, h, k € R. [2 marks]

Markscheme

attempt to complete the square or multiplication and equating coefficients
(M1)

2e—at=—(z—1)°+1 A1
a=-1,h=1 k=1
[2 marks]

3 [5 marks]

"Hence, find the value of ff L__dz.
7 V2z—=z

29b

Markscheme

El
use of their identity from part (a) (ff édm> (M1)

1
or [arcsin (u)]*, A1
2

Note: Condone lack of, or incorrect limits up to this point.

— arcsin (%) — arc sin (—%) (M1)

= [arcsin (z — 1)]

2| = o o

=5-(3)  av
= % Al
[5 marks]

30a. Given that cos 75° = ¢, show that cos 105° = —q. [1 mark]



Markscheme
cos 105° = cos (180° — 75°) = —cos 75°  R1
= —q AG

Note: Accept arguments using the unit circle or graphical/diagrammatical
considerations.

[1 mark]

In the following diagram, the points A, B, C and D are on the circumference of a
circle with centre O and radius 7. [AC] is a diameter of the circle. BC = r,

AD=CDand ABC=ADC = 90°.

B

.

C
A
30b. Show that B J/&D = 75°, {3 marks]
Markscheme

AD=CD= CAD=45 AI
valid method to find Bj& C (M1)
for example: BC =r = B(A}A = 60°
= B./QC =30° A1

A
hence BAD =45°+30°=75° AG
[3 marks]



30c. By considering triangle ABD, show that BD? = 572 — 2r2¢+/6. [4 marks]

Markscheme
AB=ry/3,AD=(CD)=ry2 AlA1

applying cosine rule (M1)

BD? = (7\/5)2 — (rﬂ)z -2 (r\/g) (r\/?) cos75° Al
= 3r? + 2r2 — 272,/6 cos 75°

= 5r?2 — 2r%q/6  AG
[4 marks]

30d. By considering triangle CBD, find another expression for BD? in terms [3 marks]
of r and q.

Markscheme

A
BCD = 105° (A1)
attempt to use cosine rule on ABCD (M1)

2
BD? = 2 4+ (rﬁ) p» (rﬁ) cos 105°

= 3r? 4 2r2q\/2 Al
[3 marks]

30e. Use your answers to part (c) to show that cos 75° = —1 . [3 marks]
y part (c) NI



Markscheme
512 — 2r2q\/6 = 372 + 2r%q\/2 (M1)(A1)

2r2 = 2r2q (\/6 = \/§> Al

Note: Award A1 for any correct intermediate step seen using only two terms.

1
= AG
q V6+42
Note: Do not award the final A1 if follow through is being applied.
[3 marks]
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