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Mathematics: applications and interpretation - HL paper 3 questions 
[134 marks] 
1a.	[7	marks]	

This	question	will	investigate	the	solution	to	a	coupled	system	of	differential	equations	
when	there	is	only	one	eigenvalue.	

It	is	desired	to	solve	the	coupled	system	of	differential	equations	

	

Show	that	the	matrix	!3 1
−1 1%	has	(sadly)	only	one	eigenvalue.		Find	this	eigenvalue	and	an	

associated	eigenvector.	

1b.	[5	marks]	

Hence,	verify	that	!
𝑥𝑥
𝑦𝑦% = !1−1% 𝑒𝑒

!"	is	a	solution	to	the	above	system.	

1c.	[5	marks]	

Verify	that	!
𝑥𝑥
𝑦𝑦% = !𝑡𝑡−𝑡𝑡 + 1% 𝑒𝑒

!"	is	also	a	solution.	

1d.	[3	marks]	

The	general	solution	to	the	coupled	system	of	differential	equations	is	hence	given	by	

!
𝑥𝑥
𝑦𝑦% = 𝐴𝐴!1−1% 𝑒𝑒

!" + 𝐵𝐵 !𝑡𝑡−𝑡𝑡 + 1% 𝑒𝑒
!"	

If	initially	at	𝑡𝑡 = 0,   𝑥𝑥 = 20,   𝑦𝑦 = 10	find	the	particular	solution.	

1e.	[2	marks]	

Find	the	values	of	𝑥𝑥	and	𝑦𝑦	when	𝑡𝑡 = 2.	

1f.	[3	marks]	

As	𝑡𝑡 → ∞	the	trajectory	approaches	an	asymptote.	

	Find	the	equation	of	this	asymptote.	

1g.	[1	mark]	

State	the	direction	of	the	trajectory,	including	the	quadrant	it	is	in	as	it	approaches	this	
asymptote.	

3x x y
y x y
= +
= - +

!

!
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2a.	[2	marks]	

This	question	will	investigate	the	solution	to	a	coupled	system	of	differential	equations	and	
how	to	transform	it	to	a	system	that	can	be	solved	by	the	eigenvector	method.	

It	is	desired	to	solve	the	coupled	system	of	differential	equations	

	

where	𝑥𝑥	and	𝑦𝑦	represent	the	population	of	two	types	of	symbiotic	coral	and	𝑡𝑡	is	time	
measured	in	decades.	

Find	the	equilibrium	point	for	this	system.	

2b.	[3	marks]	

If	initially	𝑥𝑥 = 100	and	𝑦𝑦 = 50	use	Euler’s	method	with	an	time	increment	of	0.1	to	find	an	
approximation	for	the	values	of	𝑥𝑥	and	𝑦𝑦	when	𝑡𝑡 = 1.	

2c.	[2	marks]	

Extend	this	method	to	conjecture	the	limit	of	the	ratio	#
$
	as	𝑡𝑡 → ∞.	

		

2d.	[3	marks]	

Show	how	using	the	substitution	𝑋𝑋 = 𝑥𝑥 − 10,   𝑌𝑌 = 𝑦𝑦 − 20	transforms	the	system	of	

differential	equations	into		 	

2e.	[8	marks]	

Solve	this	system	of	equations	by	the	eigenvalue	method	and	hence	find	the	general	
solution	for	!

𝑥𝑥
𝑦𝑦%	of	the	original	system.	

2f.	[2	marks]	

Find	the	particular	solution	to	the	original	system,	given	the	initial	conditions	of	part	(b).	

2g.	[2	marks]	

Hence	find	the	exact	values	of	𝑥𝑥	and	𝑦𝑦	when	𝑡𝑡 = 1,	giving	the	answers	to	4	significant	
figures.	

2h.	[2	marks]	

Use	part	(f)	to	find	limit	of	the	ratio	#
$
	as	𝑡𝑡 → ∞.	

2i.	[1	mark]	

2 50
2 40

x x y
y x y
= + -
= + -

!

!

2
2

X X Y
Y X Y

= +

= +

!

!
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With	the	initial	conditions	as	given	in	part	(b)	state	if	the	equilibrium	point	is	stable	or	
unstable.	

2j.	[2	marks]	

If	instead	the	initial	conditions	were	given	as	𝑥𝑥 = 20	and	𝑦𝑦 = 10,	find	the	particular	
solution	for	!

𝑥𝑥
𝑦𝑦%	of	the	original	system,	in	this	case.	

2k.	[2	marks]	

With	the	initial	conditions	as	given	in	part	(j),	determine	if	the	equilibrium	point	is	stable	or	
unstable.	
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3a.	[3	marks]	

This	question	will	connect	Markov	chains	and	directed	graphs.	

Abi	is	playing	a	game	that	involves	a	fair	coin	with	heads	on	one	side	and	tails	on	the	other,	
together	with	two	tokens,	one	with	a	fish’s	head	on	it	and	one	with	a	fish’s	tail	on	it.	She	
starts	off	with	no	tokens	and	wishes	to	win	them	both.	On	each	turn	she	tosses	the	coin,	if	
she	gets	a	head	she	can	claim	the	fish’s	head	token,	provided	that	she	does	not	have	it	
already	and	if	she	gets	a	tail	she	can	claim	the	fish’s	tail	token,	provided	she	does	not	have	it	
already.	There	are	4	states	to	describe	the	tokens	in	her	possession;	A:	no	tokens,	B:	only	a	
fish’s	head	token,	C:	only	a	fish’s	tail	token,	D:	both	tokens.	So	for	example	if	she	is	in	state	B	
and	tosses	a	tail	she	moves	to	state	D,	whereas	if	she	tosses	a	head	she	remains	in	state	B.	

Draw	a	transition	state	diagram	for	this	Markov	chain	problem.	

3b.	[1	mark]	

Explain	why	for	any	transition	state	diagram	the	sum	of	the	out	degrees	of	the	directed	
edges	from	a	vertex	(state)	must	add	up	to	+1.	

3c.	[3	marks]	

Write	down	the	transition	matrix	M,	for	this	Markov	chain	problem.	

3d.	[4	marks]	

Find	the	steady	state	probability	vector	for	this	Markov	chain	problem.	

3e.	[1	mark]	

Explain	which	part	of	the	transition	state	diagram	confirms	this.	

3f.	[2	marks]	

Explain	why	having	a	steady	state	probability	vector	means	that	the	matrix	M	must	have	an	
eigenvalue	of	𝜆𝜆 = 1.	

3g.	[4	marks]	

After	𝑛𝑛	throws	the	probability	vector,	for	the	4	states,	is	given	by	𝐯𝐯% = :

𝑎𝑎%
𝑏𝑏%
𝑐𝑐%
𝑑𝑑%

?	where	the	

numbers	represent	the	probability	of	being	in	that	particular	state,	e.g.	𝑏𝑏%	is	the	probability	

of	being	in	state	B	after	𝑛𝑛	throws.	Initially	𝐯𝐯& = :

1
0
0
0

?.	

Find	𝐯𝐯',   𝐯𝐯!,   𝐯𝐯(,   𝐯𝐯) .	

3h.	[2	marks]	
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Hence,	deduce	the	form	of	𝐯𝐯%.	

3i.	[2	marks]	

Explain	how	your	answer	to	part	(f)	fits	with	your	answer	to	part	(c).	

3j.	[4	marks]	

Find	the	minimum	number	of	tosses	of	the	coin	that	Abi	will	have	to	make	to	be	at	least	
95%	certain	of	having	finished	the	game	by	reaching	state	C.	
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4a.	[8	marks]	

This	question	will	diagonalize	a	matrix	and	apply	this	to	the	transformation	of	a	curve.	

Let	the	matrix	𝑀𝑀 = A
*
!

'
!

'
!

*
!

B.	

Find	the	eigenvalues	for	𝑀𝑀.	For	each	eigenvalue	find	the	set	of	associated	eigenvectors.	

4b.	[2	marks]	

Show	that	the	matrix	equation	(𝑥𝑥   𝑦𝑦)𝐌𝐌 !
𝑥𝑥
𝑦𝑦% = (6)	is	equivalent	to	the	Cartesian	

equation	*
!
𝑥𝑥! + 𝑥𝑥𝑥𝑥 + *

!
𝑦𝑦! = 6.	

4c.	[2	marks]	

Show	that	A
'
√!
,'
√!

B	and	A
'
√!
'
√!

B	are	unit	eigenvectors	and	that	they	correspond	to	different	

eigenvalues.	

4d.	[1	mark]	

Hence,	show	that	𝑀𝑀A
'
√!

'
√!

,'
√!

'
√!

B = A
'
√!

'
√!

,'
√!

'
√!

B !2 0
0 3%.	

4e.	[2	marks]	

Let	A
'
√!

'
√!

,'
√!

'
√!

B = 𝐑𝐑,'.	

Find	matrix	R.	

4f.	[1	mark]	

Show	that	𝐌𝐌 = 𝐑𝐑,' !2 0
0 3%𝐑𝐑.	

4g.	[3	marks]	

Let	𝐑𝐑 !
𝑥𝑥
𝑦𝑦% = !𝑋𝑋𝑌𝑌%.	

Verify	that	(𝑋𝑋 𝑌𝑌) = (𝑥𝑥 𝑦𝑦)𝐑𝐑,'.	

4h.	[2	marks]	

Hence,	find	the	Cartesian	equation	satisfied	by	𝑋𝑋	and	𝑌𝑌.	
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4i.	[2	marks]	

Let	A
'
√(

0

0 '
√!

B !𝑋𝑋𝑌𝑌% = !𝑢𝑢𝑣𝑣%.	

Find	the	Cartesian	equation	satisfied	by	𝑢𝑢	and	𝑣𝑣	and	state	the	geometric	shape	that	this	
curve	represents.	

4j.	[2	marks]	

State	geometrically	what	transformation	the	matrix	𝐑𝐑	represents.	

4k.	[2	marks]	

Hence	state	the	geometrical	shape	represented	by	

the	curve	in	𝑋𝑋	and	𝑌𝑌	in	part	(e)	(ii),	giving	a	reason.	

4l.	[1	mark]	

the	curve	in	𝑥𝑥	and	𝑦𝑦	in	part	(b).	

4m.	[2	marks]	

Write	down	the	equations	of	two	lines	of	symmetry	for	the	curve	in	𝑥𝑥	and	𝑦𝑦	in	part	(b).	
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5a.	[3	marks]	

This	question	explores	methods	to	determine	the	area	bounded	by	an	unknown	curve.	

The	curve	𝑦𝑦 = 𝑓𝑓(𝑥𝑥)	is	shown	in	the	graph,	for	0 ≤ 𝑥𝑥 ≤ 4.4.	

	

The	curve	𝑦𝑦 = 𝑓𝑓(𝑥𝑥)	passes	through	the	following	points.	

	

It	is	required	to	find	the	area	bounded	by	the	curve,	the	𝑥𝑥-axis,	the	𝑦𝑦-axis	and	the	line	𝑥𝑥 =
4.4.	

Use	the	trapezoidal	rule	to	find	an	estimate	for	the	area.	

5b.	[2	marks]	

With	reference	to	the	shape	of	the	graph,	explain	whether	your	answer	to	part	(a)(i)	will	be	
an	over-estimate	or	an	underestimate	of	the	area.	

5c.	[3	marks]	

One	possible	model	for	the	curve	𝑦𝑦 = 𝑓𝑓(𝑥𝑥)	is	a	cubic	function.	

Use	all	the	coordinates	in	the	table	to	find	the	equation	of	the	least	squares	cubic	regression	
curve.	

5d.	[1	mark]	

Write	down	the	coefficient	of	determination.	



10

DP mathematics: applications and interpretation Questionbank – 5 HL Paper 3

5e.	[2	marks]	

Write	down	an	expression	for	the	area	enclosed	by	the	cubic	function,	the	𝑥𝑥-axis,	the	𝑦𝑦-axis	
and	the	line	𝑥𝑥 = 4.4.	

5f.	[2	marks]	

Find	the	value	of	this	area.	

5g.	[2	marks]	

A	second	possible	model	for	the	curve	𝑦𝑦 = 𝑓𝑓(𝑥𝑥)	is	an	exponential	function,	𝑦𝑦 = 𝑝𝑝e-$ ,	
where	𝑝𝑝,   𝑞𝑞 ∈ ℝ.	

Show	that	ln 𝑦𝑦 = 𝑞𝑞𝑞𝑞 + ln 𝑝𝑝.	

5h.	[1	mark]	

Hence	explain	how	a	straight	line	graph	could	be	drawn	using	the	coordinates	in	the	table.	

5i.	[5	marks]	

By	finding	the	equation	of	a	suitable	regression	line,	show	that	𝑝𝑝 = 1.83	and	𝑞𝑞 = 0.986.	

5j.	[2	marks]	

Hence	find	the	area	enclosed	by	the	exponential	function,	the	𝑥𝑥-axis,	the	𝑦𝑦-axis	and	the	line	
𝑥𝑥 = 4.4.	

	

	
	

Printed	for	IBO	

©	International	Baccalaureate	Organization	2020	

International	Baccalaureate®	-	Baccalauréat	International®	-	Bachillerato	Internacional®	



11

DP mathematics: applications and interpretation Questionbank – 5 HL Paper 3

Mathematics: applications and interpretation - HL paper 3 questions 
[134 marks] 
1a.	[7	marks]	

Markscheme 

!3 − 𝜆𝜆 1
−1 1 − 𝜆𝜆! = 0 ⇒

(3 − 𝜆𝜆)(1 − 𝜆𝜆) + 1 = 0						M1A1	

𝜆𝜆! − 4𝜆𝜆 + 4 = 0 ⇒ (𝜆𝜆 − 2)! = 0						A1A1	

So	only	one	solution				𝜆𝜆 = 2						AGA1	

.1 1
−1 −1/.

𝑝𝑝
𝑞𝑞/ = .

0
0/ ⇒ 𝑝𝑝 + 𝑞𝑞 = 0						M1	

So	an	eigenvector	is	.1−1/						A1	

[7	marks]	

1b.	[5	marks]	

Markscheme 

.3 1
−1 1/ .

1
−1/ = 2.

1
−1/	

So	23𝑥𝑥 + 𝑦𝑦−𝑥𝑥 + 𝑦𝑦5 = .
3 1
−1 1/ .

𝑥𝑥
𝑦𝑦/ = .

3 1
−1 1/ .

1
−1/ 𝑒𝑒

!" = 2 .1−1/ 𝑒𝑒
!"												M1A1A1	

and	 		 M1A1	

showing	that	.
𝑥𝑥
𝑦𝑦/ = .

1
−1/ 𝑒𝑒

!"	is	a	solution						AG	

[5	marks]	

1c.	[5	marks]	

Markscheme 

23𝑥𝑥 + 𝑦𝑦−𝑥𝑥 + 𝑦𝑦5 = .
3𝑡𝑡 − 𝑡𝑡 + 1
−𝑡𝑡 − 𝑡𝑡 + 1/ 𝑒𝑒

!" = .2𝑡𝑡 + 1−2𝑡𝑡 + 1/ 𝑒𝑒
!"										M1A1	

		M1A1A1	

2 21 1
2

1 1
t tx x
e e

y y
æ ö æ ö æ ö æ ö

= Þ =ç ÷ ç ÷ ç ÷ ç ÷- -è ø è ø è ø è ø

!

!

2 2
2

2 2

2 12
2 1( 1)2

t t
t

t t

x te t e
e

y te t e
+æ ö+æ ö æ ö

= =ç ÷ç ÷ ç ÷- +- + - +è ø è øè ø

!

!
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Verifying	that	.
𝑥𝑥
𝑦𝑦/ = .

𝑡𝑡
−𝑡𝑡 + 1/ 𝑒𝑒

!"	is	also	a	solution						AG	

[5	marks]	

1d.	[3	marks]	

Markscheme 

Require	.2010/ = 𝐴𝐴 .
1
−1/ + 𝐵𝐵 .

0
1/ ⇒ 𝐴𝐴 = 20,   𝐵𝐵 = 30											M1A1	

.
𝑥𝑥
𝑦𝑦/ = 20 .

1
−1/ 𝑒𝑒

!" + 30 .𝑡𝑡−𝑡𝑡 + 1/ 𝑒𝑒
!"				A1	

[3	marks]	

1e.	[2	marks]	

Markscheme 
𝑡𝑡 = 2 ⇒ 𝑥𝑥 = 4370,   𝑦𝑦 = −2730 (3𝑠𝑠𝑠𝑠)						A1A1	

[2	marks]	

1f.	[3	marks]	

Markscheme 
As	𝑡𝑡 → ∞,   𝑥𝑥 ≃ 30𝑡𝑡𝑒𝑒!",   𝑦𝑦 ≃ −30𝑡𝑡𝑒𝑒!"						M1A1	

so	asymptote	is	𝑦𝑦 = −𝑥𝑥						A1	

[3	marks]	

1g.	[1	mark]	

Markscheme 
Will	approach	the	asymptote	in	the	4th	quadrant,	moving	away	from	the	origin.						R1	

[1	mark]	
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2a.	[2	marks]	

Markscheme 

					⇒ 𝑥𝑥 = 10,   𝑦𝑦 = 20						M1A1	

[2	marks]	

2b.	[3	marks]	

Markscheme 

Using	
𝑥𝑥#$% = 𝑥𝑥# + 0.1(𝑥𝑥# + 2𝑦𝑦# − 50)
𝑦𝑦#$% = 𝑦𝑦# + 0.1(2𝑥𝑥# + 𝑦𝑦# − 40)
𝑡𝑡#$% = 𝑡𝑡# + 0.1

	

Gives	𝑥𝑥(1) ≃ 848,   𝑦𝑦(1) ≃ 837 (3𝑠𝑠𝑠𝑠) 						M1A1A1	

[3	marks]	

2c.	[2	marks]	

Markscheme 

By	extending	the	table,	conjecture	that	 lim
"→'

(
)
= 1						M1A1	

[2	marks]	

2d.	[3	marks]	

Markscheme 

	 R1	

	 M1A1AG	

[3	marks]	

2e.	[8	marks]	

Markscheme 

!1 − 𝜆𝜆 2
2 1 − 𝜆𝜆! = 0 ⇒

(1 − 𝜆𝜆)! − 4 = 0 ⇒ 𝜆𝜆 = −1 or 3					M1A1A1	

𝜆𝜆 = −1						.2 2
2 2/ .

𝑝𝑝
𝑞𝑞/ = .

0
0/ ⇒ 𝑞𝑞 = −𝑝𝑝			an	eigenvector	is	.1−1/	

0 2 50 0
0 2 40 0

x x y
y x y
= Þ + - =
= Þ + - =

!

!

10, 20 ,X x Y y X x Y y= - = - Þ = =! !! !

( 10) 2( 20) 50 2
2( 10) ( 20) 40 2

X X Y X Y
Y X Y X Y
= + + + - = +

= + + + - = +

!

!
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𝜆𝜆 = 3								.−2 2
2 −2/ .

𝑝𝑝
𝑞𝑞/ = .

0
0/ ⇒ 𝑞𝑞 = 𝑝𝑝			an	eigenvector	is	.11/					M1A1A1	

.𝑋𝑋𝑌𝑌/ = 𝐴𝐴𝑒𝑒
*" .1−1/ + 𝐵𝐵𝑒𝑒

+" .11/ ⇒ .
𝑥𝑥
𝑦𝑦/ = 𝐴𝐴𝑒𝑒

*" .1−1/ + 𝐵𝐵𝑒𝑒
+" .11/ + .

10
20/						A1A1	

		

[8	marks]	

2f.	[2	marks]	

Markscheme 
100 = 𝐴𝐴 + 𝐵𝐵 + 10
50 = −𝐴𝐴 + 𝐵𝐵 + 20 ⇒ 𝐴𝐴 = 30,   𝐵𝐵 = 60					M1	

.
𝑥𝑥
𝑦𝑦/ = 30𝑒𝑒

*" .1−1/ + 60𝑒𝑒
+" .11/ + .

10
20/						A1	

[2	marks]	

2g.	[2	marks]	

Markscheme 
𝑥𝑥(1) = 1226,   𝑦𝑦(1) = 1214  (4𝑠𝑠𝑓𝑓)					A1A1	

[2	marks]	

2h.	[2	marks]	

Markscheme 

Dominant	term	is	60𝑒𝑒+" .11/	so	 lim"→'
(
)
= 1				M1A1	

[2	marks]	

2i.	[1	mark]	

Markscheme 
The	equilibrium	point	is	unstable.															R1	

[1	mark]	

2j.	[2	marks]	

Markscheme 
20 = 𝐴𝐴 + 𝐵𝐵 + 10
10 = −𝐴𝐴 + 𝐵𝐵 + 20 ⇒ 𝐴𝐴 = 10,   𝐵𝐵 = 0												M1	
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.
𝑥𝑥
𝑦𝑦/ = 10𝑒𝑒

*" .1−1/ + .
10
20/													A1	

[2	marks]	

2k.	[2	marks]	

Markscheme 
As	𝑒𝑒*" → 0 	as	𝑡𝑡 → ∞	the	equilibrium	point	is	stable.											R1A1	

[2	marks]	
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3a.	[3	marks]	

Markscheme 

				M1A2	

[3	marks]	

3b.	[1	mark]	

Markscheme 
You	must	leave	the	state	along	one	of	the	edges	directed	out	of	the	vertex.			R1	

[1	mark]	

3c.	[3	marks]	

Markscheme 

⎝

⎜⎜
⎛

0 0 0 0
%
!

%
!

0 0
%
!

0 %
!

0

0 %
!

%
!

1⎠

⎟⎟
⎞
						M1A2	

[3	marks]	

3d.	[4	marks]	



17

DP mathematics: applications and interpretation Questionbank – 5 HL Paper 3

Markscheme 

⎝

⎜⎜
⎛

0 0 0 0
%
!

%
!

0 0
%
!

0 %
!

0

0 %
!

%
!

1⎠

⎟⎟
⎞
S

𝑤𝑤
𝑥𝑥
𝑦𝑦
𝑧𝑧

V = S

𝑤𝑤
𝑥𝑥
𝑦𝑦
𝑧𝑧

V ⇒ 0 = 𝑤𝑤,  ,
!
+ )

!
= 𝑥𝑥,   ,

!
+ (

!
= 𝑦𝑦,  )

!
+ (

!
+ 𝑧𝑧 = 𝑧𝑧					M1	

⇒ 𝑤𝑤 = 0,   𝑥𝑥 = 0, ,   𝑦𝑦 = 0,   𝑧𝑧 = 1 		since		𝑤𝑤 + 𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧 = 1		so	steady	state	vector	is		W

0
0
0
1

X.				

	A1R1A1	

[4	marks]	

3e.	[1	mark]	

Markscheme 
There	is	a	loop	with	probability	of	1	from	state	D	to	itself.				A1	

[1	mark]	

3f.	[2	marks]	

Markscheme 
Let	the	steady	state	probability	vector	be	s	then	Ms	=	1s	showing	that	(\lambda		=	1\)	is	an	
eigenvalue	with	associated	eigenvector	of	s.				A1R1	

[2	marks]	

3g.	[4	marks]	

Markscheme 

𝐯𝐯% =

⎝

⎜
⎛
0
%
!
%
!
0⎠

⎟
⎞
,  𝐯𝐯! =

⎝

⎜⎜
⎛

0
%
-
%
-
!
-⎠

⎟⎟
⎞
,  𝐯𝐯+ =

⎝

⎜⎜
⎛

0
%
.
%
.
/
.⎠

⎟⎟
⎞
,   𝐯𝐯- =

⎝

⎜⎜
⎛

0
%
%/
%
%/
%-
%/⎠

⎟⎟
⎞
 										A1A1A1A1	

[4	marks]	

3h.	[2	marks]	
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Markscheme 

𝐯𝐯# =

⎝

⎜⎜
⎛

0
%
!!
%
!!
!!*!
!! ⎠

⎟⎟
⎞
									A2	

[2	marks]	

3i.	[2	marks]	

Markscheme 

lim
#→'

𝐯𝐯# = W

0
0
0
1

X	the	steady	state	probability	vector							M1R1	

[2	marks]	

3j.	[4	marks]	

Markscheme 

Require	!
!*!
!!

≥ 0.95 ⇒ !
!!
≤ 0.05 ⇒ 𝑛𝑛 = 6	(e.g.	by	use	of	table)						R1M1A2	

[4	marks]	
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4a.	[8	marks]	

Markscheme 

^
0
!
− 𝜆𝜆 %

!
%
!

0
!
− 𝜆𝜆
^ = 0 ⇒ .0

!
− 𝜆𝜆/

!
− .%

!
/
!
= 0 ⇒ 0

!
− 𝜆𝜆 = ± %

!
⇒ 𝜆𝜆 = 2  or  3							M1M1A1A1	

𝜆𝜆 = 2					S
%
!

%
!

%
!

%
!

V .
𝑝𝑝
𝑞𝑞/ = .

0
0/ ⇒ 𝑞𝑞 = −𝑝𝑝						eigenvalues	are	of	the	form	𝑡𝑡 .1−1/							M1A1	

𝜆𝜆 = 3					S
−%
!

%
!

%
!

− %
!

V.
𝑝𝑝
𝑞𝑞/ = .

0
0/ ⇒ 𝑞𝑞 = 𝑝𝑝					eigenvalues	are	of	the	form	𝑡𝑡 .11/							M1A1	

[8	marks]	

4b.	[2	marks]	

Markscheme 

(𝑥𝑥   𝑦𝑦) S
0
!

%
!

%
!

0
!

V .
𝑥𝑥
𝑦𝑦/ = (6) ⇒ .

0
!
𝑥𝑥 + %

!
𝑦𝑦 %

!
𝑥𝑥 + 0

!
𝑦𝑦/ .

𝑥𝑥
𝑦𝑦/ = (6)						M1A1	

⇒ .0
!
𝑥𝑥! + %

!
𝑥𝑥𝑥𝑥 + %

!
𝑥𝑥𝑥𝑥 + 0

!
𝑦𝑦!/ = (6) ⇒ 0

!
𝑥𝑥! + 𝑥𝑥𝑥𝑥 + 0

!
𝑦𝑦! = 6.							AG	

[2	marks]	

4c.	[2	marks]	

Markscheme 

S
%
√!
*%
√!

V = %
√!
.1−1/	corresponding	to	𝜆𝜆 = 2,					S

%
√!
%
√!

V = %
√!
.11/	corresponding	to	𝜆𝜆 = 3						R1R1	

[2	marks]	

4d.	[1	mark]	

Markscheme 

𝑀𝑀S
%
√!
*%
√!

V = 2S
%
√!
*%
√!

V   and  𝑀𝑀 S
%
√!
%
√!

V = 3S
%
√!
%
√!

V ⇒ 𝑀𝑀S
%
√!

%
√!

*%
√!

%
√!

V = S
%
√!

%
√!

*%
√!

%
√!

V .2 0
0 3/						A1AG	
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[1	mark]	

4e.	[2	marks]	

Markscheme 

Determinant	is	1.			𝐑𝐑 = S
%
√!

*%
√!

%
√!

%
√!

V								M1A1	

[2	marks]	

4f.	[1	mark]	

Markscheme 

𝐌𝐌𝐑𝐑*% = 𝐑𝐑*% .2 0
0 3/	so	post	multiplying	by	𝐑𝐑	gives	𝐌𝐌 = 𝐑𝐑*% .2 0

0 3/𝐑𝐑							M1AG	

[1	mark]	

4g.	[3	marks]	

Markscheme 

S
%
√!

*%
√!

%
√!

%
√!

V .
𝑥𝑥
𝑦𝑦/ = .

𝑋𝑋
𝑌𝑌/ ⇒ S

%
√!
𝑥𝑥 − %

√!
𝑦𝑦

%
√!
𝑥𝑥 + %

√!
𝑦𝑦
V = .𝑋𝑋𝑌𝑌/ ⇒

(𝑋𝑋 𝑌𝑌) = .
%
√!
𝑥𝑥 − %

√!
𝑦𝑦 %

√!
𝑥𝑥 + %

√!
𝑦𝑦/								

	M1A1	

and	(𝑥𝑥 𝑦𝑦)S
%
√!

%
√!

*%
√!

%
√!

V = . %
√!
𝑥𝑥 − %

√!
𝑦𝑦 %

√!
𝑥𝑥 + %

√!
𝑦𝑦/	completing	the	proof							A1AG	

[3	marks]	

4h.	[2	marks]	

Markscheme 

(𝑥𝑥 𝑦𝑦)𝐌𝐌.
𝑥𝑥
𝑦𝑦/ = (6) ⇒ (𝑥𝑥 𝑦𝑦)𝐑𝐑*% .2 0

0 3/𝐑𝐑.
𝑥𝑥
𝑦𝑦/ = (6) ⇒ (𝑋𝑋 𝑌𝑌) .2 0

0 3/ .
𝑋𝑋
𝑌𝑌/ =

(6)	

⇒ (2𝑋𝑋! + 3𝑌𝑌!) = (6) ⇒ 2"

+
+ 3"

!
= 1							M1A1	

[2	marks]	

4i.	[2	marks]	
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Markscheme 
2
√+
= 𝑢𝑢,   3

√!
= 𝑣𝑣 ⇒ 𝑢𝑢! + 𝑣𝑣! = 1,	a	circle	(centre	at	the	origin	radius	of	1)					A1A1	

[2	marks]	

4j.	[2	marks]	

Markscheme 
A	rotation	about	the	origin	through	an	angle	of	45°	anticlockwise.				A1A1	

[2	marks]	

4k.	[2	marks]	

Markscheme 
an	ellipse,	since	the	matrix	represents	a	vertical	and	a	horizontal	stretch				R1A1	

[2	marks]	

4l.	[1	mark]	

Markscheme 
an	ellipse						A1	

[1	mark]	

4m.	[2	marks]	

Markscheme 
𝑦𝑦 = 𝑥𝑥,	𝑦𝑦 = −𝑥𝑥						A1A1	

[2	marks]	
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5a.	[3	marks]	

Markscheme 

Area	= %.%
!
(2 + 2(5 + 15 + 47) + 148)									M1A1	

Area	=	156	units2										A1	

[3	marks]	

5b.	[2	marks]	

Markscheme 
The	graph	is	concave	up,									R1	

so	the	trapezoidal	rule	will	give	an	overestimate.									A1	

[2	marks]	

5c.	[3	marks]	

Markscheme 
𝑓𝑓(𝑥𝑥) = 3.88𝑥𝑥+ − 12.8𝑥𝑥! + 14.1𝑥𝑥 + 1.54									M1A2	

[3	marks]	

5d.	[1	mark]	

Markscheme 
𝑅𝑅! = 0.999								A1	

[1	mark]	

5e.	[2	marks]	

Markscheme 

Area	= ∫ (3.88𝑥𝑥+ − 12.8𝑥𝑥! + 14.1𝑥𝑥 + 1.54)-.-
5 𝑑𝑑𝑑𝑑								A1A1	

[2	marks]	

5f.	[2	marks]	

Markscheme 
Area	=	145	units2				(Condone	143–145	units2,	using	rounded	values.)						A2	

[2	marks]	
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5g.	[2	marks]	

Markscheme 
ln 𝑦𝑦 = ln(𝑝𝑝e6))						M1	

ln 𝑦𝑦 = ln 𝑝𝑝 + ln(e6))						A1	

ln 𝑦𝑦 = 𝑞𝑞𝑞𝑞 + ln 𝑝𝑝						AG	

[2	marks]	

5h.	[1	mark]	

Markscheme 
Plot	ln 𝑦𝑦	against	𝑝𝑝.						R1	

[1	mark]	

5i.	[5	marks]	

Markscheme 
Regression	line	is	ln 𝑦𝑦 = 0.986𝑥𝑥 + 0.602							M1A1	

So	𝑞𝑞 =	gradient	=	0.986				R1	

𝑝𝑝 = 𝑒𝑒5./5! = 1.83							M1A1	

[5	marks]	

5j.	[2	marks]	

Markscheme 

Area	= ∫ 1.83𝑒𝑒5.7./)𝑑𝑑𝑑𝑑 = 140-.-
5 	units2					M1A1	

[2	marks]	
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